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Abstract

A discontinuousGalerkin methodfor the full two-fluid plasmamodelis described.The

plasmamodelincludescompleteelectronandion fluids, which allows chage separation,
separateslectronandion temperatureandvelocities. CompleteMaxwell’s equationsare

usedincluding displacementurrent.The algorithmis validatedby benchmarkingagainst
existing plasmaalgorithmson the GEM Challengemagneticreconnectiorproblem.The

algorithm canbe easily extendedto threedimensionshigherorderaccurayg, generalge-

ometriesandparallelplatforms.
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1 Introduction

Plasmaphysicscontinuesto be animportantareaof numericaland experimental
researchA numberof magneticconfinementfusion conceptsincluding sphero-
maks,FRCs,Z-pinchesandinertial confinementonceptsuchaspelletimplosion
areunderinvestigationat variousfacilities[1-4]. An importantareaof recentnu-
mericalresearchn plasmaphysicshasbeenthedevelopmenif plasmasimulation
algorithmswith more completephysicsincluding Hall MHD[5-10], quasi-neutral
two-fluid MHD[11], andthe full two-fluid model[12,13].Thefull two-fluid algo-
rithm presentedh [12] is onedimensionabndsufferslargedivergencesrrorswhen
directly appliedin 2D. In [13] afull electron-electrowo-fluid algorithmusinga
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combinedspectralandfinite differenceapproachis describedfor solving multi-
dimensionalproblemsin beaminstabilitiesin ICF. In the currentpapera discon-
tinuousGalerkin(DG) methodfor the full ion-electrontwo-fluid plasmamodelis
developedto provide ageneramulti-dimensionahlgorithmthatworkson arbitrary
geometriesandis highly parallelizablefor solving problemsof fusioninterest.Be-
causeion andelectronmassedliffer this introducesdifferentdynamicsincluding
the Hall effect and additional plasmatime scaleswhich are not obsened in an
electron-electroplasma.

The two-fluid equationgetainelectroninertiawhich simplermodelssuchasHall
MHD lack. This term allows the electronsto becomedemagnetize@nd can pro-
vide dissipationin a collisionlessplasmawhenresistvity is zero. The collision-
lessregime s particularlyimportantto fusion plasmasElectroninertiais impor-
tantwhenreconnectiorprocessesvhich areubiquitousin self organizedplasmas.
Chage separatiorand displacementurrenthave beenincludedfor a more com-
pletephysicaldescription.

2 Two-Fluid Model

Thefollowing definitionsapply, electronandion chageso; = —o, = o areequal,
ion andelectronmassarem; andm,. The speedf light is ¢ andthe permittivity is
(i

The two-fluid plasmamodel consistsof a setof fluid equationsor the electrons
andionsplusthe completeMaxwell’s equationsncludingdisplacementurrent.
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Thelasttwo equationg3),(4) are constraintequationsand are not solved numer
ically asthey canbe derived analyticallyfrom (1) and(2). Analytically the con-
straintsaresatisfiedfor all timeif they aresatisfiednitially. Numerically errorsin
the constraintsnaygrow with time evenif they aresatisfiednitially.

Thefluid andelectromagnetisystemsarecoupledthroughLorentzforcesandcur-
rentsas sourceterms.Key thingsto note arethat the displacementurrentis not
neglected electronsandions have separateneny,

ates+v'(Us(es+Ps)):ansE'U57 (5)



momentum

0y (psUs) + V - (psUsUs) + VP =
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andcontinuity equations,
O ps+ V- (psUs) =0 (7)

soeachspecietasits own temperatureyelocity andnumberdensity This system
is identicalto thesystemusedin [12].

Becausehe displacementurrentand chage separatiorare includedthis set of
equationcanbewritten asthreesystemsof balancdaws,
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for theelectronfluid equations,
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for theion fluid equationsand
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for Maxwell’s field equations.

+V- Fem (Qem) = wem (Qea Q’L) ) (10)

Keepingdisplacementurrentand chage separatiormeansthat for physicalde-
vicesthe time scalesthat mustbe resolved numericallyare not computationally
feasible.However, this issueis resolved by choosingthe characteristicatiosasin
[12] of the Debyelengthto plasmasize,ion Larmorradiusto plasmasizeandthe
ratio of ion thermalspeedo speedf light to make our numericalsolutionfeasible
while still preservingherelevantphysics.

3 Numerical Algorithm

Discontinuougsalerkinmethodsarehigh orderextensionsof upwind schemesis-
ing a finite elementformulationwherethe elementsare discontinuousat cell in-
terfaces.Details of the methodare appliedto simple hyperbolicsystemsandthe
equationsof inviscid gasdynamicsarediscussedn [14—17]andreproducechere
for thetwo-fluid systemwith additionaldiscussiorof two-fluid specificissuesThe

balancdaw 5
5+ V- Flo)=v(0) (11)



is multiplied by thesetof basisfunctions{v, } andintegratedoverthefinite volume
elementk. For secondorderspatialaccurag the basisset

—Tij Y —Yij
{UT} {UOanaUy} {]‘ A.T ) éAy } (12)

is usedwherez; ; andy; ; referto the (z, y) coordinateat the centerof thecell 4, j.
Theequationis written,

0q B
/Evrdv+/(v-F)v,dv_/@mdv. (13)
Integrateby partsto get
Jq
/KavrdVJr/aK(F-n) v,.dl“—/KF-(VvT) dV_/wvrdV. (14)

The discreteconsered variableq is definedasa linear combinationof the basis
functionsinsideanelementk’, with

q:ZU'rQT- (15)

Theintegral [, % v, dV = 2% C'V whereC is the constant!. [, v2dV andV is
thevolumeof theelementUsingthesedefinitionsthe discreteequationbecomes,
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whentheintegralsarereplacedoy appropriateéaussiamuadratured’, is the sur
faceareaof the cell facein consideratione refersto anelementace,l arequadra-
turepointson afaceandm arequadraturgointsin thevolume.For asecondrder
methodthe edgeintegralsarereplacedy atwo point Gaussiamuadrature
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The surfacefluxes F' are evaluatedusingan approximateRiemannflux while the
volumefluxesareevaluateddirectly from the fluxesfor eitherthefluid or Maxwell



systemsThediscreteequationgor the secondorderschemeare
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Thederivativesof the basisfunctionscanbe calculatedanalyticallysincethe poly-
nomial basisfunctionsareknown. The discontinuousGalerkinmethodis applied
to eachbalancelaw (8)(9)(10) at every time step.Third order TVD Runge-Kitta
time integrationis used.

The algorithmis stableif the plasmafrequeng is resoled andthe Courantcon-
dition for the speedof light is satisfied.In onedimensionthe Courantconditionis

ot o1 andln 2D onaregulargrid the conditionis c < whereAa: is thegrid
spacmgandAt thetime step.

3.1 Limiting

High resolutionschemesypically uselimiting to preventspuriousoscillationsnear
discontinuitiesand for stabilizationof non-linearsystems.Limiters can also be
usedin thediscontinuoussalerkinmethod thoughinsteadof beingTVD, limiters
producea schemehatis TVDM or TVD in themean.This meanghatthe solution
is TVD in go, but notnecessarilyn q.

The conseredvariablesg canbe limited in termsof characteristicsTo limit ¢ in
termsof characteristictheq arefirsttransformedo characteristivariablesy where
g = LgandL is theleft eigervectormatrix of theflux Jacobiarcalculatedrom g.
Theleft eigervectormatrixis alsoappliedto thedifferenced. (qf)+1 - qg) =ATg,

and L (qg — qé‘l? = A~ gy Wherei refersto the ith cell. Limiting is performed
directly ontranstormedvariablesandthenthe solutionis immediatelytransformed



backto determinethelimited form of ¢,,
gi =L m gk AT go, Ao, M) (20)

wherem is the modifiedminmodlimiter definedby

) M da?
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m (a,b,c) otherwise
and M is aconstanivhile m is theminmodlimiter.
m (a,b,¢) = méX(a, b, c) !f sggn(a) =s!gn(b) =s!gn(c) =" (22
min(a, b, c¢) if sign(a) =sign(b) =sign(c) = +
0 otherwise

For eachof the fluid systemsM = 0 to eliminate oscillationsat shockswhile

for Maxwell’'s equationsiM is setto a constantthat must be chosenempirically

for eachproblem.TVB limiting of Maxwell's equationshelpsreducedivergence
errorssignificantlyover TVD limiters whenapproximateRiemanrfluxesareused.
Limiting is not necessaryor the stability of Maxwell's equationssincethey are
linear; unfortunatelybecauseof the couplingto the fluid equationsthroughthe

Lorentz forcesif no limiting is usedfor Maxwell’'s equationsnegative pressure
problemsfrequentlyarisein thefluid equations.

4 GEM challenge comparison

In idealMHD thefluid is frozento themagnetidield linesandsofield linescannot
reconnectvithout somenon-idealterm. Resistvity allows field linesto reconnect
thoughmuch slower than the fast reconnectiorthat is obsered in collisionless
plasmassuchasfusion andspaceplasmasSincethe accuratesimulationof colli-
sionlessreconnections a significantgoal of this work the algorithmdescribeds
benchmarkdagainsthe GEM challengesimulationsof [18], for which numerous
plasmamodelshave beentested.Theseresultswill not be discussedn detail in
this paperasthe primary scopeis the novel numericalalgorithmfor the two-fluid
plasmamodel.

In Fig. 1 thetwo-fluid solutionis comparedo solutionspublishedn the GEM chal-
lengepaperd18,10]. Theinitial conditionsareidenticalto thoseusedin [18], but
sincedisplacementurrentis includedthe ratio of the speedof light to the maxi-
mumion thermalvelocity is speC|f|ed— = 100. Also openboundaryconditions
areusedon the y boundariesnsteadof’ conductlngwalls It is very easyto treat
openboundarieswith the discontinuousGalerkinmethod.The two-fluid solution
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Fig. 1. Plot of reconnectednagneticflux vstime in unitsof inversew,; publishedn [10].

Theauthorshave overlayedthe graphwith thetwo-fluid solutioncalculatedusingthealgo-
rithm in this paper The“Fluid” solutionusesa simplifiedtwo-fluid approachhatincludes
electroninertiaeffects.

shows good agreementvith publishedsolutionsexceptthat flux continuesto re-
connectin the two-fluid solutionafter it hassaturatedn the publishedsolutions.
The openy boundariesllow fluid and magneticfield linesto continueto flow in
evenaftersaturatioroccursfor conductingwall boundaries.

Thefull particlecodeof Fig.1useslectronandion particleswith thefull Maxwell’s
equationsThe hybrid codeusesion particleswith a modifiedHall MHD descrip-
tion theelectronsThefluid codeuseshesameHall MHD descriptiorasthehybrid
codefor theelectronsput usedluid ions. Thetwo-fluid solutionwasproducedus-
ing thealgorithmdescribedn this paperona 256 x 128 grid.

5 Conclusion

A discontinuousGalerkinmethodfor the full two-fluid plasmamodelwritten as
3 balancdaws hasbeendescribedThe algorithmusesa secondorderspatialdis-
cretizationand a 3rd order TVD Runge-Kitta time steppingscheme.The algo-
rithm producessolutionsto the GEM challengemagneticreconnectiorproblem
that agreewith publishedsolutions.The algorithm can be extendedto 3 dimen-
sions,generalgeometrieandto higherorderaccurag.
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