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Abstract

A discontinuousGalerkinmethodfor the full two-fluid plasmamodel is described.The
plasmamodelincludescompleteelectronandion fluids, which allows charge separation,
separateelectronandion temperaturesandvelocities.CompleteMaxwell’s equationsare
usedincludingdisplacementcurrent.Thealgorithmis validatedby benchmarkingagainst
existing plasmaalgorithmson the GEM Challengemagneticreconnectionproblem.The
algorithmcanbe easilyextendedto threedimensions,higherorderaccuracy, generalge-
ometriesandparallelplatforms.
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1 Introduction

Plasmaphysicscontinuesto be an importantareaof numericalandexperimental
research.A numberof magneticconfinementfusion conceptsincluding sphero-
maks,FRCs,Z-pinchesandinertial confinementconceptssuchaspelletimplosion
areunderinvestigationat variousfacilities[1–4].An importantareaof recentnu-
mericalresearchin plasmaphysicshasbeenthedevelopmentof plasmasimulation
algorithmswith morecompletephysicsincludingHall MHD[5–10], quasi-neutral
two-fluid MHD[11], andthe full two-fluid model[12,13].The full two-fluid algo-
rithm presentedin [12] is onedimensionalandsufferslargedivergenceerrorswhen
directly appliedin 2D. In [13] a full electron-electrontwo-fluid algorithmusinga�
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combinedspectraland finite differenceapproachis describedfor solving multi-
dimensionalproblemsin beaminstabilitiesin ICF. In the currentpapera discon-
tinuousGalerkin(DG) methodfor the full ion-electrontwo-fluid plasmamodelis
developedto provideageneralmulti-dimensionalalgorithmthatworksonarbitrary
geometriesandis highly parallelizablefor solvingproblemsof fusioninterest.Be-
causeion andelectronmassesdiffer this introducesdifferentdynamicsincluding
the Hall effect and additionalplasmatime scaleswhich are not observed in an
electron-electronplasma.

Thetwo-fluid equationsretainelectroninertiawhich simplermodelssuchasHall
MHD lack. This term allows the electronsto becomedemagnetizedandcanpro-
vide dissipationin a collisionlessplasmawhenresistivity is zero.The collision-
lessregime is particularly importantto fusion plasmas.Electroninertia is impor-
tantwhenreconnectionprocesseswhich areubiquitousin self organizedplasmas.
Charge separationanddisplacementcurrenthave beenincludedfor a morecom-
pletephysicaldescription.

2 Two-Fluid Model

Thefollowing definitionsapply, electronandion charges �������	��
��
� areequal,
ion andelectronmassare ��� and ��
 . Thespeedof light is � andthepermittivity is��� .
The two-fluid plasmamodelconsistsof a setof fluid equationsfor the electrons
andionsplusthecompleteMaxwell’sequationsincludingdisplacementcurrent.����� ��������� � ��� !�"� �$#&%'�)(*�+�,%'
�(*
.- (1)�/� �102��� � �13 (2)�546���13 (3)�54 � � ���� #&%'�+�7%8
�- (4)

The last two equations(3),(4) areconstraintequationsandarenot solvednumer-
ically asthey canbe derived analytically from (1) and(2). Analytically the con-
straintsaresatisfiedfor all time if they aresatisfiedinitially. Numerically, errorsin
theconstraintsmaygrow with timeevenif they aresatisfiedinitially.

Thefluid andelectromagneticsystemsarecoupledthroughLorentzforcesandcur-
rentsassourceterms.Key thingsto notearethat the displacementcurrentis not
neglected,electronsandionshaveseparateenergy,����9;: 02�54<#=( : # 9;: 0?> : -�-@�
� : % :"� 4A( :8B (5)
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momentum��� #)C : ( : -D02�54<#&C : ( : ( : -D0E�F> : � � : % : # � 0G( : �H�I- B (6)

andcontinuityequations, �/� C : 0E�54<#)C : ( : -@�13 (7)

soeachspecieshasits own temperature,velocityandnumberdensity. This system
is identicalto thesystemusedin [12].

Becausethe displacementcurrentand charge separationare includedthis set of
equationscanbewrittenasthreesystemsof balancelaws,�KJ 
��L 02�546MN
O# J 
.-@�
P*
O# J 
 B�J 
RQ�- B (8)

for theelectronfluid equations,�SJ ���L 0E�T4UMN�V# J �)-W�1PN�V# J � BXJ 
RQY- B (9)

for theion fluid equations,and�SJ 
)Q��L 0E�T4UM*
RQZ# J 
RQ�-[�\P]
)Q^# J 
 B�J �&- B (10)

for Maxwell’sfield equations.

Keepingdisplacementcurrentandcharge separationmeansthat for physicalde-
vices the time scalesthat must be resolved numericallyare not computationally
feasible.However, this issueis resolvedby choosingthecharacteristicratiosasin
[12] of theDebyelengthto plasmasize,ion Larmorradiusto plasmasizeandthe
ratioof ion thermalspeedto speedof light to makeournumericalsolutionfeasible
while still preservingtherelevantphysics.

3 Numerical Algorithm

DiscontinuousGalerkinmethodsarehigh orderextensionsof upwindschemesus-
ing a finite elementformulationwherethe elementsarediscontinuousat cell in-
terfaces.Detailsof the methodareappliedto simplehyperbolicsystemsandthe
equationsof inviscid gasdynamicsarediscussedin [14–17]andreproducedhere
for thetwo-fluid systemwith additionaldiscussionof two-fluid specificissues.The
balancelaw ��J��L 02�546M2# J -W�1PZ# J - (11)
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is multipliedby thesetof basisfunctions _6`badc andintegratedoverthefinite volume
elemente . For secondorderspatialaccuracy thebasisset_6`6afcg� _6` � B `6h B `6i6cj�H_ ! BAk � k �Rlm� n k BAo � o �)lm� n o c (12)

is usedwherek �pl and o �Rl referto the # k B o - coordinateat thecenterof thecell q B=r .
Theequationis written,s ��J��L `6a+t<uv0 s #p�546Mw-�`ba�tVuH� s P�`ba+t<u2x (13)

Integrateby partsto gets6y ��J��L `6aXt<u\0 sUz�y #)M14;%D-{`6aXt}|~� s;y M�4}#R�2`ba�-�t<uH� s P$`ba+t<uEx (14)

The discreteconserved variable
J

is definedasa linear combinationof the basis
functionsinsideanelemente , withJ ��� a `ba J aOx (15)

Theintegral � y z��z � `ba+t<u�� z��R�z �g� u where � is theconstant
m� � y ` �a tVu andV is

thevolumeof theelement.Usingthesedefinitionsthediscreteequationbecomes,��J a��L � uv0 � 
 ����� � #)M�4;%D-�`6a+|D
��� Q � Q�M�4<#)�2`6a�-�u��1� Q � Q$P�`baXu B (16)

whentheintegralsarereplacedby appropriateGaussianquadratures.|D
 is thesur-
faceareaof thecell facein consideration,

9
refersto anelementface,� arequadra-

turepointsonafaceand � arequadraturepointsin thevolume.For asecondorder
methodtheedgeintegralsarereplacedby a two point Gaussianquadratures m� m�� # k -�t k�� ��� !� �'� 0 �Z� � !� �'� (17)

A four point quadratureis usedfor thevolumeintegralgivenby,s m� m s m� m � # k B o -�t k�� �Z� !� � B !� �'� 0 �Z� � !� � B !� �+� 0�Z� � !� � B � !� �+� 0 �Z� !� � B � !� �'� x (18)

The surfacefluxes M areevaluatedusingan approximateRiemannflux while the
volumefluxesareevaluateddirectly from thefluxesfor eitherthefluid or Maxwell
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systems.Thediscreteequationsfor thesecondorderschemeare��J ���L uv0 � 
 ����� � #RM�4f%D-{` � |D
 ��� Q � QFP�` � u B (19a)

��J h��L u\0 � � 
 ����� � #RM
4;%D-{`bhN|D
� � � Q � Q�M�4}#p�2`6hb-�uH� � � Q � QFP�`6h�u B (19b)

��J i��L uv0 � � 
 ��� � � #)M�4;%D-�`6iD|D
� � � Q � Q�M�4<#p�2`6if-	uH� � � Q � Q$P�`6iOu2x (19c)

Thederivativesof thebasisfunctionscanbecalculatedanalyticallysincethepoly-
nomial basisfunctionsareknown. The discontinuousGalerkinmethodis applied
to eachbalancelaw (8)(9)(10)at every time step.Third orderTVD Runge-Kutta
time integrationis used.

The algorithmis stableif the plasmafrequency is resolved andthe Courantcon-
dition for thespeedof light is satisfied.In onedimensiontheCourantconditionis�8� �� h$� m� andin 2D onaregulargrid theconditionis �8� �� hF� m� where

n k is thegrid
spacingand

n�L
thetimestep.

3.1 Limiting

High resolutionschemestypically uselimiting to preventspuriousoscillationsnear
discontinuitiesand for stabilizationof non-linearsystems.Limiters can also be
usedin thediscontinuousGalerkinmethod,thoughinsteadof beingTVD, limiters
produceaschemethatis TVDM or TVD in themean.Thismeansthatthesolution
is TVD in

J � , but notnecessarilyin
J
.

Theconservedvariables
J

canbe limited in termsof characteristics.To limit
J

in
termsof characteristicsthe

J
arefirst transformedto characteristicvariables� where����  J and   is theleft eigenvectormatrixof theflux Jacobiancalculatedfrom

J � .
Theleft eigenvectormatrix is alsoappliedto thedifferences ¢¡ J �¤£ m� � J ��.¥ � n £ � �
and   ¡ J �� � J � � m� ¥ � n � � � where q refersto the q th cell. Limiting is performed
directlyon transformedvariablesandthenthesolutionis immediatelytransformed
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backto determinethelimited form of
J h ,J �h �1  � mj¦� ¡ � �h B�n £ � � B�n � � � B�§ ¥ (20)

where
¦� is themodifiedminmodlimiter definedby¦�¨#)© B.ª6B �f-@� «¬ ­ © if ®¯©�® � § t k ��¨#)© B.ª6B �f- otherwise

B
(21)

and
§

is aconstantwhile � is theminmodlimiter.

�¨#)© B.ª6B �f-W� «°°°°°¬ °°°°°­
max#&© B�ª;B �f- if sign#)©<-W� sign# ª -W� sign#R�d-W� �
min #&© B�ª;B �d- if sign#)©<-W� sign# ª -W� sign#R�d-W��03 otherwise

x (22)

For eachof the fluid systems
§ � 3 to eliminateoscillationsat shockswhile

for Maxwell’s equations
§

is set to a constantthat must be chosenempirically
for eachproblem.TVB limiting of Maxwell’s equationshelpsreducedivergence
errorssignificantlyoverTVD limiterswhenapproximateRiemannfluxesareused.
Limiting is not necessaryfor the stability of Maxwell’s equationssincethey are
linear; unfortunatelybecauseof the coupling to the fluid equationsthroughthe
Lorentz forcesif no limiting is usedfor Maxwell’s equationsnegative pressure
problemsfrequentlyarisein thefluid equations.

4 GEM challenge comparison

In idealMHD thefluid is frozento themagneticfield linesandsofield linescannot
reconnectwithout somenon-idealterm.Resistivity allows field lines to reconnect
thoughmuch slower than the fast reconnectionthat is observed in collisionless
plasmassuchasfusionandspaceplasmas.Sincetheaccuratesimulationof colli-
sionlessreconnectionis a significantgoal of this work the algorithmdescribedis
benchmarkedagainsttheGEM challengesimulationsof [18], for which numerous
plasmamodelshave beentested.Theseresultswill not be discussedin detail in
this paperastheprimaryscopeis thenovel numericalalgorithmfor the two-fluid
plasmamodel.

In Fig.1 thetwo-fluid solutionis comparedto solutionspublishedin theGEM chal-
lengepapers[18,10].The initial conditionsareidenticalto thoseusedin [18], but
sincedisplacementcurrentis includedthe ratio of thespeedof light to themaxi-
mumion thermalvelocity is specified ±²=³µ´6¶ � ! 3A3 . Also openboundaryconditions
areusedon the o boundariesinsteadof conductingwalls. It is very easyto treat
openboundarieswith the discontinuousGalerkinmethod.The two-fluid solution
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Fig. 1. Plot of reconnectedmagneticflux vs time in unitsof inverse· ± � publishedin [10].
Theauthorshaveoverlayedthegraphwith thetwo-fluid solutioncalculatedusingthealgo-
rithm in thispaper. The“Fluid” solutionusesasimplifiedtwo-fluid approachthatincludes
electroninertiaeffects.

shows goodagreementwith publishedsolutionsexcept that flux continuesto re-
connectin the two-fluid solutionafter it hassaturatedin the publishedsolutions.
Theopen o boundariesallow fluid andmagneticfield lines to continueto flow in
evenaftersaturationoccursfor conductingwall boundaries.

Thefull particlecodeof Fig.1useselectronandion particleswith thefull Maxwell’s
equations.Thehybrid codeusesion particleswith a modifiedHall MHD descrip-
tion theelectrons.Thefluid codeusesthesameHall MHD descriptionasthehybrid
codefor theelectrons,but usesfluid ions.Thetwo-fluid solutionwasproducedus-
ing thealgorithmdescribedin this paperon a ¸�¹Aº�� ! ¸A» grid.

5 Conclusion

A discontinuousGalerkinmethodfor the full two-fluid plasmamodelwritten as
3 balancelaws hasbeendescribed.Thealgorithmusesa secondorderspatialdis-
cretizationand a 3rd order TVD Runge-Kutta time steppingscheme.The algo-
rithm producessolutionsto the GEM challengemagneticreconnectionproblem
that agreewith publishedsolutions.The algorithmcanbe extendedto 3 dimen-
sions,generalgeometriesandto higherorderaccuracy.

This researchwassupportedby AFOSRGrantNo. F49620-02-1-0129.Computing
resourceswereprovidedby theUniversityof WashingtonDepartmentof Mechan-
ical Engineeringthroughuseof theLadoncluster.
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