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Abstract

A non-linear full 5-moment two-
uid model is used to study axisymmetric insta-

bilities in a Z-pinch. When the electron velocity due to the current J is greater

than the ion acoustic speed,high wave number sausageinstabilities develop which

initiate shockwaves in the ion 
uid. This condition corresponds to a pinch radius

on the order of a few ion Larmor radii.
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The analysisof non-MHD instabilities in the Z-pinch is an area of interest becauseit is

commonthat high frequencyinstabilities occur nearthe pinch edge,and in the fusionregime,

many pincheshave pinch radii on the order of a few ion Larmor radii, a regimewherehigh

frequencydrift instabilities are quite active(Davidson and Krall, 1977). The Hall e�ect and

�nite Larmor radius e�ects have beenstudied in the framework of Z-pinchesin(Arb er, 1996;

Russelet al., 1997). It has been shown theoretically(Shumlak and Hartman, 1995) and

experimentally(Shumlak et al., 2001) that alternative mechanisms, such as sheared
o w,

canstabilize a Z-pinch to unstableMHD modes,though this concepthasnot beenvalidated

for other plasma models. It is for these reasonsthat a better characterization of plasma

instabilities in non-MHD regimesis important. In this paper steps in that direction are

made through the non-linear simulation of a Z-pinch using the full 5-moment two-
uid

plasmamodel.

The possiblerole of microinstabilities in Z-pincheshas beenexplored by many authors

(see(Davidson and Krall, 1977) for a review of early work). The majorit y of this work

relied on simple analytic models and short time scalesimulations. An early attempt at a

non-linear solution with the capacity to capture microinstabilities wasdonein 1979using a

relativistic PIC code to simulate Z-pinch instabilities(Nielsen et al., 1979). This study was

severely limited by the available computational resourcesof the time and a small arti�cial

massratio of 16. The role of microinstabilities in Z-pincheshascontinued to be investigated

by others including Robson(Robson,1991)who showed that the current neededto achieve

radiative collapsedependson both the line density and the column radius when anomalous

resistivity is taken into account. Chittenden(Chittenden, 1995) explored the implications

of anomalousresistivity causedby the lower hybrid drift instabilit y in high current �b er Z-

pinchesthrough the useof an anomalousresistivity in an MHD code. Finally, Arber(Arber,

1996) has explored the e�ect of large Larmor radius stabilization using a hybrid code and

Coppins(Coppinset al., 1984) investigated possibleHall stabilization on a fusion Z-pinch

using a Hall MHD code.

In this paper the 5-moment full two-
uid equationsare usedto simulate instabilities in

the Z-pinch wherescalar(isotropic) pressuresfor each speciesare assumed.In order for this

assumption to be valid someisotropizing mechanism, such as collisions, must be present.

Furthermore, the useof scalarpressuressimplify the analysisasr B drifts arenot simulated.
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I. SYSTEM OF EQUA TIONS

The full two-
uid plasma model consistsof a set of 
uid equations for the electrons

and ions plus the completeMaxwell's equationsincluding displacement current. The 
uid

and electromagneticsystemsare coupled by Lorentz forces and current sources. In the

following equations,E is the electric �eld, B is the magnetic �eld, qs is the speciescharge

(subscript s is i for ions and e for electrons), � s is the speciesdensity, ms is the species

mass,U s is the speciesvelocity, Ps is the speciespressureand es is the speciestotal energy

with es = 1
2 � s U 2

s + 1

 s � 1Ps. The speciesnumber density is de�ned as ns = � s

ms
, � 0 is the

permittivit y and � 0 is the permeability of free space.The completeAmpere's law is used

@t E � c2r � B = �
1
� 0

X

s

qs nsU s ; (1)

and the completeFaraday's law

@t B + r � E = 0: (2)

The magnetic 
ux equation,

r � B = 0 (3)

and Gauss'sequation(4),

r � E =
1
� 0

(qi ni + qe ne) (4)

areconstraint equations.The 
uid equationsaresimply the inviscid Navier Stokesequations

with Lorentz forcesourceterms. Each 
uid specieshas its own equation for energy,

@t es + r � [U s (es + Ps)] = qs nsE � U s ; (5)

momentum,

@t � sU s + r (� sU sU s) + r Ps =

qs ns (E + U s � B ) ; (6)
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and continuity,

@t � s + r � (� sU s) = 0: (7)

These equations are solved in axisymmetric geometry using the discontinuous Galerkin

method (Cockburn and Shu, 1989). The cartesianalgorithm is discussedin (Loverich and

Shumlak, 2005)and slight modi�cations are required to make the algorithm axisymmetric.

In high temperature plasmaswhere collisional e�ects are negligible gyroviscouse�ects

should be included; these can easily be incorporated into the model by solution of the

10 or higher moment 
uid equationsinstead of the 5 moment equationsdescribed above.

Non-collisionalinstabilities such asthe lower hybrid drift instabilit y and its long wavelength

cousin,the drift sausageinstabilit y, canbemodeledwhengyroviscosity is not included(Yoon

et al., 2002).

I I. INITIALIZA TION

The axisymmetric two-
uid code is usedto solve for sausageinstabilities in the Z-pinch

and to identify new phenomenathat arisedue to two-
uid e�ects. The following Z-pinches

are initialized using an MHD equilibrium. A sinusoidal perturbation in the azimuthal mag-

netic �eld is initialized and the solution allowedto evolve. The perturbation hasa magnitude

of 1=100 the equilibrium magnetic �eld. The initial conditions including the magnetic �eld

perturbation are,

Je =

8
><

>:

J0; if r < Rp

0; otherwise
(8)

B � =

8
><

>:

� 1
2 r � 0 J0

�
1 + 1

100 sin(2� k z)
�

; if r < Rp

� 1
2

a
r � 0 J0

�
1 + 1

100 sin(2� k z)
�

; otherwise
(9)

P =

8
><

>:

P0 � 1
4 � 0 J 2

0 r 2; if r < Rp

� � 0 J 2
0 R2

p; otherwise
(10)

with P0 = 1
4 (1 + � ) � 0 J 2

0 R2
p, � i = (mi =me) � e = P=P0 andPi = Pe = 1

2P. In the simulations

that follow Rp = 1
4, � = 1

10, J0 = 1 and k givesthe axial wavemode. De�ning the ion thermal
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velocity,

vth i =
�

P0

mi n0

� 1
2

; (11)

assuming � = 0 and the ion cyclotron frequency using the peak magnetic �eld ! c i =

qBRp =mi then the ion gyro radius Rg i = vth i =! c i . The radius of the pinch is always 0:25,

however the ratio Rp=Rg i is adjusted for the di�erent problems. The ion to electron mass

ratio is 100. The ratio of the speedof light to the Alfven speed,

vA =

 
B 2

� Rp

� 0� i

! 1
2

; (12)

is 8. The Alfven transit time acrossthe pinch radius is denoted� A and is basedo� the peak

magnetic �eld and the peak ion density.

I I I. SIMULA TIONS

1. Rp = 12:5Rg i

The following set of results are from simulations of an axisymmetric Z-pinch where the

ion Larmor radius is signi�cantly smaller than the pinch radius. This condition is character-

istic of a pinch in the MHD regime. Solutions are calculatedusing 4 di�erent perturbation

wave lengths and the growth of the instabilit y is plotted in �gure 1. The growth rate is

measuredby integrating the magnitude of the di�erence betweenthe perturbed and unper-

turb ed magnetic�eld solutions, i.e, �rst a simulation is run from start to �nish without any

perturbation and theseresults are comparedwith the perturbed solution. The unperturbed

simulation is necessarysincethe equilibrium usedis not a true two-
uid equilibrium soeven

an unperturbed solution is expected to oscillate slightly. For the simulations of this sec-

tion the two-
uid equilibria di�er very little from the MHD equilibria so the unperturbed

solutions changevery little with time.

In Table I the growth rates of �gure 1 are calculated, they are observed to be higher for

higher wave number perturbations as expected by MHD, furthermore the growth rates are

typical of MHD predicted growth rates, i.e. on the time scaleof the Alfven transit time

acrossthe pinch.
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FIG. 1 Growth curvesof the perturbation in the magnetic �eld measuredagainst an un-perturb ed
solution for several wave length perturbations.

Wavelength (L) k Growth Rate
50Rg i 1 1.1
25Rg i 2 1.6
12:5Rg i 4 2.1
6:25Rg i 8 2.5

TABLE I Growth rates for various perturbations of the Rp = 12:5Rg i pinch

In �gure 2 a snapshotof the solution at t = 5� A in the non-linear regimeis shown with a

perturbation of oneperiod in the z direction. The solution is very similar to thoseproduced

in non-linearMHD simulations in that it looks like a 1 period sausageinstabilit y. There are

a few small scalestructures on top of the k = 1 mode structure.

In �gure 3 snapshotsof the solution with a perturbation of 2 periods in the z-direction

is shown are shown at times t = 2� A and t = 3� A . The t = 3� A snapshotlooks similar to

the t = 5� A solution of the 1 period perturbation. Figure 4 shows the 2 period solution

at times t = 4� A and t = 5� A . At these points of the simulation a signi�cant portion of

the pinch masshas beenejected. The solution evolves in a similar manner to the 1 period

perturbation, however, the 2 period solution grows faster. The mushroom cloud structure

is a characteristic of the sausageinstabilit y and the numerical solution is not surprising.

In �gure 5 a solution with a 4 period perturbation is shown. Once again, the solution

looks similar to the 2 period solution except that it evolves faster. All solutions show the

sausagetype instabilit y. In each casethe mode that dominatesthe structure of the solution

is the initialized mode (k=1,2,4...) while somehigher modesdevelop on this basicinitialized
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FIG. 2 Development of a sausageinstabilit y with a 1 period perturbation in the magnetic �eld
along the z-axis at t = 5� A . The 1 period solution grows while a higher wave number mode
develops at the edgeof the pinch. The high wave number mode does not dominate the solution
and is believed to be due to an instabilit y that arisesfrom the fast electronsat the edge. Spatial
scalesare in units of ion Larmor radii.

FIG. 3 Development of a sausageinstabilit y with a 2 period perturbation in the magnetic �eld
along the z-axis at t = 2� A and t = 3� A for an Rp = 12:5Rg i pinch. Spatial scalesare in units of
ion Larmor radii.
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FIG. 4 Development of a sausageinstabilit y with a 2 period perturbation in the magnetic �eld
along the z-axis at t = 4� A and t = 5� A for an Rp = 12:5Rg i pinch. Spatial scalesare in units of
ion Larmor radii.

mode.

Bending of the mushroom cloud stalk is particularly evident in �gure 5. Reducing the

electron massdecreasesthe amount of bending. The bending is causedby the momentum

imparted to the ejectedplasmafrom the electroncurrent. Both MHD andHall MHD systems

would not capture this e�ect sinceboth systemsassumemasslesselectrons.

2. Rp = 7:5Rg i

The following results are taken from simulations of an Rp = 7:5Rg i pinch. The solution

is very similar to the corresponding Rp = 12:5Rg i solution with the samewave number

perturbation. Figures 7, 8 and 9 show results for the 1,2 and 4 period perturbations re-

spectively. As in the Rp = 12:5Rg i data the solutions show the development of sausage
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FIG. 5 Development of a sausageinstabilit y with a 4 period perturbation in the magnetic �eld
along the z-axis. This solution evolves much like the other two solutions except it evolves even
faster at t = 5� A . At the same point in time the mushroom cloud stalk is bending since the
electronscarry somemomentum (versusno momentum in MHD and Hall MHD) and impart some
of this momentum to ejectedplasma. Spatial scalesare in units of ion Larmor radii.
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FIG. 6 Growth of the pertubation in the magnetic �eld measuredagainst an un-perturb edsolution
for several wave length perturbations on a Rp = 7:5Rg i Z-pinch. Growth rates calculated by the
slope are typical of growth predicted by MHD.

instabilities at the wavelength of the initialized perturbation. Growth curvesare plotted in

�gure 6 and the calculatedgrowth rates are shown in Table I I.

Figure 7 shows the basic evolution of a 1 period sausageinstabilit y. For this pinch

radius the development of higher mode number sausageinstabilities on top of the period

1 instabilit y are evident. These instabilities may be developing as a result of an electron

instabilit y that happenswhen the electronsmove faster than the ion soundspeedand cause

the formation of ion shocks.

Figure 8 shows the nonlinear development of the 2 period pertubation after t = 5� A .
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Wavelength (L) k Growth Rate
30Rg i 1 1.2
15Rg i 2 1.7
7:5Rg i 4 2.3
3:25Rg i 8 2.8

TABLE I I Growth rates for various perturbations of the Rp = 7:5Rg i pinch

FIG. 7 Development of a 1 period sausageinstabilit y with a pinch radius Rp = 7:5Rg i at t = 5� A .
The solution is similar to the Rp = 12:5Rg i solution except that a number of smaller sausage
instabilities develop. Spatial scalesare in units of ion Larmor radii.

The solution looksvery similar to the 2 period pertubation of the Rp = 12:5Rg i simulation.

However, in the Rp = 7:5Rg i pinch the ejected plasma bends signi�cantly more than it

did in the Rp = 12:5Rg i pinch. This is becausethe electronscarry the samecurrent, but

more momentum in the Rp = 7:5Rg i pinch comparedto the Rp = 12:5Rg i pinch and sothe

changein velocity of the ejectedplasmais greater for the Rp = 7:5Rg i pinch.

Figure 9 shows the development of a 4 period perturbation at t = 5� A . The instabilit y

has penetrated to the axis. Note that this simulation looks signi�cantly di�erent from the

corresponding Rp = 12:5Rg i 4 period simulation except that the 4 period mode is the

dominant mode.

3. Rp = 2:5Rg i

A Z-pinch in the two-
uid regimehasa largercharacteristic ion Larmor radius in compari-

sonto to the pinch radius than doesa Z-pinch in the MHD regime. The following simulations

have Rp = 2:5Rg i and so two-
uid physicsshould be important. Growth curvesfor several
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FIG. 8 Development of sausageinstabilit y with 2 periods in the domain with a pinch radius
Rp = 7:5Rg i at t = 5� A . The solution is qualitativ ely very similar to the Rp = 12:5Rg i simulations.
Spatial scalesare in units of ion Larmor radii.

FIG. 9 Development of sausageinstabilit y with 4 periods in the domain with a pinch radius
Rp = 7:5Rg i at t = 4� A . Increasedbending is due to increasedelectron momentum. The electron
momentum increasesas the pinch radius Rp becomessmaller compared to the ion Larmor radius
Rg i becauseless
uid must generatethe samecurrent. Spatial scalesare in units of ion Larmor
radii.

wave length perturbations are shown in �gure 10 and the corresponding growth rates are

presented in Table I I I. In these simulations the instabilit y growth rates are much higher

than would be predicted from MHD. The high growth rate of the instabilit y results when

the initial perturbation couplesto a higher mode instabilit y that grows much faster than

the initialized mode. This higher mode instabilit y seemsto be a current driven instabilit y

as opposedto the pressuredriven instabilit y of the MHD sausagemode.

In �gure 11 the two-
uid solution solution with a 1 period perturbation along the z-axis

is shown. After 2� A large scale10 period perturbations have developed. The growth of the
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FIG. 10 Growth of the pertubation in the magnetic �eld measuredagainstan un-perturb edsolution
for several wave length perturbations. Growth rates calculated by the slope are considerablyfaster
than growth rates predicted by MHD and may be due to the Hall term or other two-
uid e�ects.

Wavelength (L) k Growth Rate
10Rg i 1 4.8
5Rg i 2 4.0
2:5Rg i 4 3.7
1:25Rg i 8 5.7

TABLE I I I Growth rates for various perturbations of the Rp = 2:5Rg i pinch

lower amplitude 1 period perturbation is \superimposed" on top of the dominant mode.

In �gure 12 a 2 period perturbation is initialized along the z-axis in the magnetic �eld.

In this casea 10 period mode also develops and dominates the non-linear solution. The

instabilit y is marked by shock waves which are the sharp discontinuities in ion density.

Theseshockwavesexist only on the top side of the low density �ngers. Velocity pro�les of

the ion axial velocity show that the ions are moving subsonicallyeverywhere. The electrons

however aremoving supersonicallywith respect to the ion acousticspeed. This suggeststhat

if someinstabilit y developsin the electronsthat couplesto the ions, this electroninstabilit y

will be able to induce a shock wave in the ion 
uid.

Figure 13 shows a snapshotsof a solution given a 4 period perturbation at time t = 1:5� A

and t = 2� A . At t = 1:5� A the solution looks similar to the 1 and 2 period perturbation

solution at t = 2� A , but by t = 2� A the shock waves have penetrated to the axis in the 4

period solution.

Thesesimulations were run with an ion to electron massratio of 100. When the mass
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FIG. 11 Though the perturbation is initialized with a wavelength of oneperiod acrossthe domain,
a mode with 10 periods acrossthe domain develops and grows faster than predicted by MHD.
Solution shown at t = 2� A . Spatial scalesare in units of ion Larmor radii.

FIG. 12 In this casea perturbation of 2 wavelengthsacrossthe domain is initialized. A mode with
10 periods acrossthe domain also developsas beforeand grows at a similar rate to that shown in
the previous �gure. Solution shown at t = 2� A . Spatial scalesare in units of ion Larmor radii.

ratio is increasedthe number of �ngers that develop also increaseswhich suggeststhat the

fact that the �ngers are roughly on ion Larmor radius in width is accidental. If the the mass

ratio 1836is usedthe scaleof the modesmay be signi�cantly smaller.

IV. ANAL YSIS

Analytically a relationship for the electronvelocity, dueto the electroncurrent, compared

to the ion acoustic velocity can be derived for a constant current Z-pinch. The resulting

number can be thought of as an electron Mach number where the acousticspeed is based
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FIG. 13 In this casea perturbation of 4 wavelengths acrossthe domain is initialized. Solution
shown at t = 1:5� A and t = 2� A . By t = 2� A the shocks have penetrated to the axis of the pinch.
Spatial scalesare in units of ion Larmor radii.

on the ion acousticspeed. Starting with the pinch condition for a uniform current Z-pinch

P0 =
B 2

� Rp

� 0
=

1
4

� 0 R2
p J 2 (13)

De�ning a characteristic ion sound speedas Vs i =
�


 P0
2 �

� 1
2
, the characteristic ion thermal

speed as Vth i =
�

P0
�

� 1
2
. The ion sound speed is de�ned as Vs i =

�

 P0
2 �

� 1
2

as opposedto

Vs i =
�


 P0
�

� 1
2

becausein the two-
uid model an ion sub-shock can occur at sub Debye

scaleswherethe ion 
uid behavesindependently of the electron
uid. The characteristic ion

cyclotron frequencyis wc i =
qi B � R p

m i
the relation,

M j =
ue

Vs i
= (2
 )

1
2

�
Rg i

Rp

�
; (14)

14



canbederived. This relation meansthat M j dependsonly on 
 , and the ratio Rg i

Rp
at the edge

of the pinch. A similar relation was cited in (Haines,1978),and the resulting development

of instabilities whenue > Vs i in a Z-pinch mentioned in (Lib ermanet al., 1999). It hasbeen

known for quite sometime that the lower hybrid drift instabilit y is very active in the regime

wherethe drift velocity is greater than the ion thermal velocity (Krall and Liewer, 1971). A

discussionof instabilities in plasmasand thosethat might arise in a non-MHD Z-pinch can

be found in (Mikhailovskii, 1974a,b).The non-lineardevelopment leadingto ion shockwaves

though is unique. It is believed the electron instabilit y couplesto the ions, generatingion

acousticwaveswhich ultimately form a shock. In general,whenever the pinch radius is of

the order of the ion Larmor radius, shock wavesshould develop in the ion 
uid. Clearly, if

the ion 
uid shocks, a region of low pressureis followed by a region of high pressurebehind

the shock. Sincethe pinch is a balanceof 
uid pressureand magneticpressureand tension

the pinch will tend to shrink in regionsof low pressureand bulge in regionsof high pressure

leading, ultimately, to a sausageinstabilit y.

Discontinuities can only be realizedif the ion meanfreepath is small enoughthat shocks

form and the plasmaconditions are such that an electron current driven instabilit y arises.

On the other hand it may be su�cien t for the electron instabilit y to drive the formation of

unmagnetizedcollisionlession shock in which casea similar phenomenamay be simulated

with collisionlesshybrid and particle codes.

Figure 15 shows a comparisonof the initial M j for each of the axisymmetric simulations

presented. Notice that the Rp = 2:5Rg i simulation has M j > 1 over much of the domain

while for both Rp = 7:5Rg i and Rp = 12:5Rg i , M j < 1 except near the edge. The high

M j near the edgemight explain why short wavelength modesdevelop at the edgesof the

simulations of �gures 2 and 7, but do not propagatedeepinto the pinch as they do in the

Rp = 2:5Rg i simulations.

Table IV comparesthe growth rates for various axial mode perturbation mode numbers.

This Table shows that the simulations with Rp = 7:5Rg i and Rp = 12:5Rg i have growth

rates that are very similar. When Rp = 2:5Rg i the growth rates changedrastically corre-

sponding to the condition M j > 1 over much of the domain. The scalelength of the modes

that develop is of the order of Rg i or smallerwhich indicatesthat the ionsare unmagnetized

in thesesausageinstabilities and the Hall term is important.

A true two-
uid equilibrium with a very smooth velocity pro�le is presented to show
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FIG. 14 Plot of initial M j vs radial position for three axisymmetric problems. Smaller pinch radii
to ion Larmor radii ratios correspond to larger electron axial velocity comparedto the ion acoustic
speed. In particular, shocks develop when a signi�cant portion of the pinch has M j > 1 as in the
caseRp = 2:5Rg i

k Rp = 2:5Rg i Rp = 7:5Rg i Rp = 12:5Rg i

1 4.8 1.2 1.1
2 4.0 1.7 1.6
4 3.7 2.3 2.1
8 5.7 2.8 2.5

TABLE IV Comparison of growth rates for various pinch radii given k

that the growth of the fast instabilit y is not due to the sharp electron velocity shear. The

initial conditions are provided in the appendix A. The result of a non-linear simulation are

presented in �gure 16 whereRg i = 0:15. The solution shows the formation of discontinuities

as M j > 1 through much of the domain. Figure 17 shows the solution where Rg i = 0:05

so that M j < 1 and it is observed that no fast instabilit y develops. Other authors have

investigateda remarkably similar sort of instabilit y, including Winske (Winske, 1989) and

Huba (Huba and Winske, 1998) who investigated the Rayleigh Taylor instabilities which

occur in current layers in spaceplasmasand in certain laserplasmainteractions.

V. CONCLUSION

Fully non-linear 5-moment two-
uid simulations of the Z-pinch have beenperformed. In

a regimewhereRp is much greater than the characteristic ion gyro radius, corresponding to

a drift velocity smaller than the ion soundspeed,the solution shows grosspropertiessimilar
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FIG. 15 Plot of initial M j vs radial position for two axisymmetric problems. Shocks develop when
a sign�cant portion of the pinch has M j > 1 as in the caseRp = 2:5Rg i

FIG. 16 Ion density at t = 8� A . Development of high growth rate instabilit y for a di�use true two-

uid equilibrium pinch with M j > 1. Discontinuities are evident and it's clear that even though
a 1 period perturbation was applied, a higher mode perturbation develops as expected. Spatial
scalesare in units of ion Larmor radii.

to what would be expected from an MHD solution. When the pinch radius approaches

the characteristic ion gyro radius wherecurrent driven instabilities are highly active a high

wave number mode developswith a growth rate considerablyfaster than MHD growth rates

develops. In the framework of the two-
uid plasma model this instabilit y is accompanied

by shock wavesin the ion 
uid.
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FIG. 17 Ion density at t = 8� A . In this simulation the two-
uid solution with M j < 1 is evolved.
The fast growing mode doesnot develop. Spatial scalesare in units of ion Larmor radii.
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APPENDIX A: Tw o-Fluid Equilibrium

True two-
uid equilibria are generallyquite complexand when the Debye length is su�-

ciently small comparedto scaleof the problem an MHD equilibrium is su�cien t. Work on

two-
uid equilibria has beenperformed previously by Steinhauer(Steinhauer et al., 2001)

and Solovev (Solovev, 1984). Below is a two-
uid equilibrium usedin the last simulations;

it can be quickly derived using a symbolic math program.

Pi = Pe =
1
2

P (A1)

P (r ) =
P0

1 + r 2 �
+ P0 � (A2)

ni (r ) =
n0

1 + r 2 �
+ n0 � (A3)

ne (r ) =
n0

2
�

1
1+ r 2 � + �

�
+

2 P0 � (1+ � � r 4 � 2 � ) � 0

qi
2 (1+ r 2 � )2 (1+ � + r 2 � � )2

n0
(A4)
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B � (r ) = �

vu
u
t P0

�
r 2 � C1

(1+ r 2 � )2 + 2 log(1 + r 2 � )
�

r 2 � � 0
(A5)

where

C1 =
�

� 2 + r 2 �
�

� 2 +
P0 � � 0

n0
2 qi

2 (1 + � + r 2 � � )2

��
: (A6)

mey (r ) =
2P0 r � (C3 + P0 � (1 + � � r 4 � 2 � ) � 0)

n0
2 qi

3 (1 + r 2 � )3 (1 + � + r 2 � � )3 � 0
2 C2

(A7)

where

C2 =

vu
u
t P0

�
r 2 � C1

(1+ r 2 � )2 + 2 log(1 + r 2 � )
�

r 2 � � 0
; (A8)

and

C3 = n0
2 qi

2
�
1 + r 2 �

� �
1 + � + r 2 � �

� 3
: (A9)

Er (r ) = �

 
P0 r �

qi (1 + r 2 � )2 �
n0

1+ r 2 � + n0 �
�

!

(A10)

The initial conditions of this paper use � 0 = � 0 = c = 1, mi = 1, me = 1 n0 = 1:0,

P0 = 1:5625e � 2, � = 1
10, � = 100. For Rg i = 0:15 qi = � qe = 10 and for Rg i = 0:05,

qi = � qe = 30.
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